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NONDISCRETENESS OF F -THRESHOLDS
V. TRIVEDI
Abstract. We give examples of two dimensional normal Q-Gorenstein graded do-
mains, where the set of F -thresholds of the maximal ideal is not discrete, thus an-
swering a question by Mustat¸a˘-Takagi-Watanabe.
We also prove that, for a two dimensional standard graded domain (R,m) over a
field of characteristic 0, with graded ideal I , if (mp, Ip) is a reduction mod p of (m, I)
then cIp (mp) 6= c
I
∞
(m) implies cIp(mp) has p in the denominator.
1. Introduction
Let (R,m) be a Noetherian local ring of positive characteristic p. For an ideal I
of R, a set of invariants of singularities in positive characteristic, called F -thresholds,
were introduced by [MTW] as follows
{F -thresholds of I} := {cJ (I) | J ⊆m such that I ⊆ Rad(J)},
where cJ(I) := lime→∞max{r | I
r * J [p
e]}/pe. In [MTW], it was shown that for regular
local F -finite rings, the F -thresholds of an ideal coincide with the F -jumping numbers
of the generalized test ideals of I (introduced by [HY]), which are analogous to the
jumping numbers of a multiplier ideal in characteristic 0. The first F -jumping number
(introduced by [TaW] under the name F -pure threshold), denoted by fpt, corresponds
to the first jumping number of the associated multiplier ideal and is called log canonical
thershold of I. The set of the jumping numbers, for a given ideal, is known to be discrete
and rational.
Here we consider the following question by Mustat¸a˘-Takagi-Watanabe (Question 2.11
in [MTW]).
Question. Given an ideal (0) 6= I ⊆m, could there exist finite accumulation points
for the set of F -thresholds of I?
In the case of regular rings (with some additional mild conditions), the set of F -
jumping numbers for I is equal to the set of F -thresholds {cJ (I)}J of I (Corollary 2.3
in [BMS2]). On the other hand, in such cases, it has been proven that the F -jumping
numbers are discrete and rational (see [BMS1], [BMS2], [KLZ]) (in fact, as pointed out
in [BMS2], the discreteness of the set of F -jumping numbers implies the rationality
statement due to the fact that if λ is an F -jumping number, then so are the fractional
parts of peλ, for all e ≥ 1).
Though the discreteness of the set of F -jumping numbers are known in some singular
cases too e.g. when the ring is F -finite normal Q-Gorenstein domain ([GrS], [BSTZ],
[KSSZ], [ST]), we cannot conclude the same for F -thresholds as they can be in general
different from the F -jumping numbers, as shown by Example 2.5 in [TaW], where
the ring R = k[x, y, z]/(xy − z2), and the first F -jumping number of m = (x, y, z),
fpt
m
(m) < cm(m), the first F -threshold of m.
However when R is a direct summand of a regular F -finite domain S, then the
set {cJ (I)}J is known to be a discrete set of rational points (Proposition 4.17 in
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[HMNb]). Here the authors extend the theory of Bernstein-Sato polynomial to the
direct summands of regular rings, while for regular rings the authors in [MTW] relate
the Bernstein-Sato polynomials to the F -jumping numbers and the F -thresholds. Now
in [HMNb], each cJ(I) is identified with cJS(IS) and hence is an F -jumping number
of IS.
In particular, in all of the above cases, the F -thresholds of an ideal have been studied
by identifying them with the F -jumping numbers of some ideal in a regular ring where
such set is discrete and consist of rational numbers.
In [TrW], using the theory of the Hilbert-Kunz density functions for graded rings
and Frobenius semistability properties of vector bundles on projective curves, we had
shown that in dimension two, the F -thresholds of the maximal ideal at graded ideals
can be expressed in terms of the Harder-Narasimhan slopes of the associated syzygy
bundles. As a result, we had deduced that the set {cI(m) | I is graded}I consists of
rational points.
In this paper, we use this new viewpoint to show that such a set can have accumu-
lation points. More precisely we prove the following
Theorem 1.1. Given a prime p and an integer g > 1, there is a two-dimensional
standard graded normal Q-Gorenstein domain (R,m) (a cone over a nonsingular curve
of genus g) over an algebraically field of char p > 0 and a sequence of m-primary graded
ideals {Im}m≥0 such that, the F -threshold of m at Im,
cIm(m) =
3
2
+
(g − 1)
pm+m0d
, for m ≥ 0,
where d = e0(R,m) and m0 ≥ 0 is an integer such that p
m0 < g. Moreover, each Im is
generated by three elements, each of degree 1 in R.
This answers the above question (of [MTW]) affirmatively. In particular we have the
following
Corollary 1.2. Given a prime p and an integer g > 1, there exists a two dimensional
standard graded normal Q-Gorenstein domain R with the graded maximal ideal m such
that the set of F -thresholds of m has accumulation points, where Proj R = X is a
nonsigular projective curve of genus g over a field of char p.
Moreover there is a strictly decreasing sequence consisting of F -thresholds of m; thus,
the F -thresholds of an ideal need not satisfy the descending chain condition.
For the proof of Theorem 1.1, we crucially use the following construction by D.
Gieseker in [G]. For a given p and g > 1, there exists a familyX of stable curves of genus
g over Speck[[t]] (k is an algebraically closed field of char p) with smooth generic fiber,
and a closed fiber with particular singularities. By taking a specific representation of G
(analogus to the representation arising from a Schottky uniformization for a compact
Riemann surface of genus g), where G is the group of covering transformations of Y0
(and where Y0 is the universal cover over the special fiberX0 ofX), Gieseker constructed
a rank 2 vector bundle F1 on the generic fiber XK (K = k((t)) with an explicit Harder-
Narasimhan filtration. Moreover the bundle F1, associated to the representation of G,
comes equipped with a sequence {Fk}k≥1 of bundles such that F
∗Fk+1 = Fk.
From this sequence we construct a set of vector bundles with the similar properties
such that the new set is also a bounded family of bundles on the curve XK . By choosing
L = the power of the canonical bundle of the curve, we ensure that the coordinate ring
(corresponding to the embedding of the curve by L) is Q-Gorenstein.
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Next, we consider some behaviour of the F -thresholds of reductions mod p, as p
varies, from our view point (relating F -thresholds to vector bundles). We recall that
Theorem 3.4 and Proposition 3.8 of [HY] imply that, for R = Z[X1, . . . ,Xn] and I ⊆
m = (X1, . . . ,Xn), we have a formula for the log canonical threshold in terms of F -pure
threshols:
lctm(I) = lim
p→∞
fpt
mp
(Ip),
where mp and Ip are reductions mod p of m and I, respectively.
K.Schwede asked the following question. Assuming fpt
mp
(fp) 6= lctm(f), is the
denominator of fpt
mp
(fp) (in its reduced form) a multiple of p?
In [CHSW] the authors explored the implication of the following two conditions: (1)
the characteristic does not divide the denominator of the F -pure threshold. (2) The
F -pure threshold and log canonical threshold coincide. Theorem A in [CHSW] and also
the example 4.5 in [MTW] imply that for an explicit (nonhomogeneous) polynomial f
in a polynomial ring (note that here the F -pure threshold fpt
mp
(fp) = c
mp(fp)), the
above two conditions could be distinct.
On the other hand, there are examples (see [CHSW] for the references) of homo-
geneous polynomials f of specific types where the two conditions are equivalent. In
[BS] Proposition 5.4, it was shown that for a homogeneous polynomial f of degree d
in R = k[X0, . . . ,Xn] (where R/(f) is an isolated singularity), if p ≥ nd− d − n then
either cmp(fp) = (n + 1)/d, or the denominator of c
mp(fp) is a power of p. In other
words
cmp(fp) 6= lctm(f) =⇒ the denominator of c
mp(fp) is a power of p.
In this context, here we prove the following
Theorem 1.3. Let R be a two dimensional standard graded domain over an alge-
braically closed field k of char 0 and let I ⊂ R be a graded ideal of finite colength. Let
Rp, Ip and mp denote a reduction mod p of R, I and m respectively, where char Rp = p.
Then, for p≫ 0,
cIp(mp) 6= c
I
∞(m) =⇒ c
Ip(mp) = c
I
∞(m) +
a
pb
,
for some a, b ∈ Z+ such that g.c.d.(a, p) = 1. Moreover 0 < a/b ≤ 4(g − 1)(r − 1),
where r + 1 = the minimal generators of I and g = the genus of Proj R. Therefore
for p≫ 0, cIp(mp) 6= c
I
∞(m) =⇒ c
Ip(mp) = a1/pb1,
where a1, b1 ∈ Z+ and g.c.d.(a1, p) = 1.
However, there exist examples (Remark 4.1) where the denominators (in its reduced
form) of cmp(mp) is divisible by p but is not a power of p.
We recall that the existence of cI∞(m) := limp→∞ c
Ip(mp) was shown in Theorem 5.5
of [TrW], and cI∞(m) and c
Ip(mp) were given, respectively, in terms of the minimal HN
slope of a µ-reduction bundle (which is a char 0 invariant of the pair (R, I)) and the
minimal strong HN slope of a strong µ-reduction bundle for (R, I). For the proof of
the above theorem we use the relation between these two bundles.
In Section 2 we recall the required basic theory of Harder-Narasimhan filtrations of
vector bundles on curves, and also results from [TrW]. In Section 3 and Section 4 we
prove Theorem 1.1 and Theorem 1.3 respectively.
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2. preliminaries
We recall few generalities about Harder-Narasimhan filtration of vector bundles on
curves.
Definition/Notations. Let X be a nonsingular curve over a field k. For a vector
bundle V on X, the degree of V is deg V = deg(∧rankV V ) and the slope of V is
µ(V ) = deg V/rank V . A vector bundle V is semistable if for every subbundleW ⊆ V ,
we have µ(W ) ≤ µ(V ).
Every bundle has the unique HN (Harder-Narasimhan) filtration, which is a filtration
(2.1) 0 = E0 ⊂ E1 ⊂ · · · ⊂ En = V
such that µ(E1) > µ(E2/E1) > · · · > µ(En/En−1). We call µ(Ei/Ei−1) an HN slope of
of V .
If char k = p > 0 then the HN filtration of V is strong HN filtration if each µ(Ei/Ei−1)
is strongly semistable, i.e., Fm∗(Ei/Ei−1) is semistable for everym
th-iterated Frobenius
map Fm : X −→ X. For every vector bundle V there exists m ≥ 0 (Theorem 2.7 of
[L]) such that Fm∗V has strong HN filtration.
For the vector bundle V with the HN filtration (2.1), we denote µmin(V ) = µ(V/En−1).
If m is an integer such that Fm∗V achieves the strong HN filtration then we denote
amin(V ) = µmin(F
m∗(V )/pm).
We recall the following definitions and results from [TrW].
Notations 2.1. Let (R, I) be a standard graded pair defined over an algebraically
closed field, where R is a two dimensional domain and I is generated by homogeneous
elements of degress d1, . . . , ds. Let X = Proj S, where S is the normalization of R in
its quotient field. Let
(2.2) 0 −→ V0 −→M0 = ⊕
s
i=1OX(1− di) −→ OX(1) −→ 0
be the canonical sequence of OX -modules.
If M0 has the HN filtration, 0 = Ml1 ⊂ Ml1−1 ⊂ · · · ⊂ M0 = M then let 0 = Vl1 ⊆
Vl1−1 ⊆ · · · ⊆ V1 ⊆ V0 denote the induced filtration on V0, where Vi = Mi ∩ V0. Note
that this need not be the HN filtration of V0.
Definition 2.2. (1) The sequence (2.2) has the µ-reduction at t if there exists
0 ≤ t < l1 such that
(a) for every 0 ≤ i < t, the canonical sequence 0 −→ Vi −→Mi −→ L −→ 0 is
exact and µmin(Vi) = µmin(Mi), and
(b) µmin(Vt) < µmin(Mt).
We call Vt the µ-reduction bundle for the sequence (2.2) and a µ-reduction
bundle for the pair (R, I).
(2) We say (provided char k = p > 0), the sequence (2.2) has the strong µ-reduction
at t0, if for some choice of m1 > 0 such that F
m1∗(V0) has the strong HN
filtration, the sequence
(2.3) 0 −→ Fm1∗V0 −→ F
m1∗M0 −→ F
m1∗OX(1) −→ 0,
has µ-reduction sequence at t0. Note that F
m1∗(Vi) = F
m1∗Mi ∩ F
m1∗(V0), for
all 0 ≤ i ≤ l1. By Proposition 4.6 of [TrW], the sequence (2.2) does have the
µ-reduction for some t < l1 and does have the strong µ-reduction for some t0.
Moreover t0 ≤ t.
Remark 2.3. We recall Theorem 4.12, Remark 4.13 (1) and Lemma 5.2 from [TrW].
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(1) If the sequence (2.2) has the strong µ-reduction at t0 then the F -threshold of
m at I is cI(m) = 1− amin(Vt0)/d.
Moreover, if d1 = · · · = ds (where di as in Notation 2.1) then c
I(m) =
1− amin(V0)/d.
(2) If the sequence (2.2) has µ-reduction as t (in charactersitic 0) then, for p ≫ 0,
where (mp, Ip) denote a reduction mod p of (m, I) and V
p
t and V
p
t−1 denote a
reduction mod p of Vt and Vt−1, respectively.
either cIp(mp) = 1− amin(V
p
t )/d and c
I
∞(m) = 1− µmin(V
p
t )/d,
or cIp(mp) = 1− amin(V
p
t−1)/d and c
I
∞(m) = 1− µmin(V
p
t−1)/d.
In particular, for p≫ 0, we have cI∞(m) ≤ c
Ip(mp).
Though the above equalities hold, the strong µ-reduction bundle may not be
a reduction mod p of the µ-reduction bundle. Also though µ-reduction bundle Vt
may not occur in the HN filtration of V0, the µmin(Vt) is equal to one of the HN
slopes of V0. Similarly, for the strong µ-reduction bundle Vt0 , µmin(F
m1∗Vt0) is
equal to one of the HN slopes of Fm1∗(V0).
3. Nondiscreteness of F -thresholds
We recall a result by Gieseker [G].
Theorem 1 (Gieseker). For each prime p > 0 and integer g > 1, there is a non-
singular projective curve X of genus g over an algebraically closed field of char p and
a semistable vector-bundle V of degree 0 such that F ∗V is not semistable.
Bundles of positive degree with such properties have been constructed by J.P. Serre
and H. Tango. But for our result we use the other properties of this bundle, which were
proved by Gieseker. We recall the relevant results from [G]:
For each g > 1 and each algebraically closed field k of char p, there is a family of
stable curves X of genus g over k[[t]], such that the special fiber X0 is a rational curve
over k with g nodes and is k-split degenerate, and the generic fiber XK is smooth
and geometrically connected, where K is the quotient field of k[[t]]. Now if Y0 is the
universal covering space of the special fiber X0 and G is the group of the covering
transformations of Y0 over X0, then (Proposition 2, [G]) any representation ρ of G on
Kn gives a rank n bundle Fρ on X such that the pull back bundle F1 on XK comes
with a sequence of bundles F1, F2, F3, . . . such that F
∗Fk+1 ≃ Fk. Now, by making a
specific choice of a representation ρ (attributed to Mumford by [G]) of the group G on
K2, Gieseker derives (Lemma 4, [G]) a rank 2 bundle Fρ of degree 0 on X and an exact
sequence
0 −→ L −→ Fρ −→ L
−1 −→ 0,
where degL = g−1. Now pull back of L to XK gives the HN filtration L ⊂ F1 and also
a sequence of bundles F1, F2, F3, . . . such that F
∗Fk+1 = Fk. By a simple argument it
follows (Lemma 5, [G]) that if g ≤ pk−1 then Fk is semistable. Hence one can choose
a (unique) bundle V from the set {Fk}k≥1 such that V is semistable and F
∗V is not
semistable.
In the following lemma we consider a modified version of such a family {Fm}m of
bundles.
Lemma 3.1. Given an integer g > 1 and a prime p, there is a nonsingular curve X
of genus g over a field of characteristc p and a family of bundles {Em}m≥0 such that
(1) rank Em = 2 and det(Em) = OX , for m ≥ 0 and
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(2) for each Em, the number m ≥ 0 is the least integer such that the bundle F
m∗Em
is not semistable. Moreover the HN filration of Fm∗Em is
Lm ⊂ F
m∗Em, where deg(Lm) = (g − 1)/p
m0 ,
for some m0 ≥ 0 where p
m0 < g.
(3) There exists a very ample line bundle L on X, such that for every m ≥ 0, the
bundle Em ⊗ L is generated by its global sections.
In particular {Em ⊗L}m≥0 is a bounded family.
Proof. The results in [G] (see the above discussion) give the following: for given g > 1
and p, there is a nonsingular curve X of genus g over an algebraically closed field of
char p and a family of bundles {Fm}m≥1 such that
(1) Fm is of rank 2 and of degree 0, for m ≥ 1 and
(2) F ∗Fm+1 = Fm, and Fm semistable if g ≤ p
m−1,
(3) F1 has the HN filtration L ⊂ F1, where degL = g − 1 and degF1 = 0.
Hence, for some m0 ≥ 0, there is a (unique) bundle Fm0+2 ∈ {Fk}k≥1 which is
semistable and F ∗Fm0+2 = Fm0+1 is not semistable. Since Pic
0(X) (the set of degree
0 line bundles on X) is an abelian variety, (Application 2, page 59 in [Mu1]) the map
nX : Pic
0(X) −→ Pic0(X), given by L 7→ Ln is surjective,
where we denote Ln = L⊗n (and L−n = (L−1)⊗n). Therefore, for eachm, we can choose
Lm ∈ Pic
0(X) such that det(Fm) = L
2
m (recall that deg(Fm) = deg(det(Fm)) = 0).
We define Em = Fm+m0+1 ⊗ L
−1
m+m0+1
, for m ≥ 0.
Then det(Em) = det(Fm+m0+1)⊗ L
−2
m+m0+1
= OX . This proves Assertion (1).
Note that
F k∗Em = F
k∗Fm+m0+1 ⊗L
−pk
m+m0+1
= Fm−k+m0+1 ⊗ L
−pk
m+m0+1
,
hence for any m ≥ 0, the bundles Em, F
∗Em, . . . , F
m−1∗Em are semistable. Since
Fm∗Em = Fm0+1 ⊗ L
−pm
m+m0+1
, it has the HN filtration Lm ⊂ F
m∗Em if and only if
Fm0∗(Lm⊗L
pm
m+m0−1
) ⊂ Fm0∗Fm0+1 = F1 is the the HN filtration of F1. Therefore, by
the uniqueness of the HN filtration we have degLm = (g − 1)/p
m0 . Moreover pm0 < g
as Fm0+1 is not semistable. This proves Assertion (2).
Let OX(1) = K
3
X , where KX is the canonical line bundle on X. Since g ≥ 2, the line
bundle OX(1) is very ample on X (Chap IV, [H]). Then (this is a standard argument
in the literature) we
Claim. For m ≥ 1, the bundle Em is 3-regular, i.e., H
1(X,Em(n−1)) = 0, for n ≥ 3.
Proof of the claim: By Serre duality H1(X,Em(n − 1)) = Hom(E,ωX(1 − n))
∨. If
Em −→ ωX(1 − n) is a nonzero map then the semistability property of the sheaf Em
implies µ(Em) ≤ µ(ωX(1−n)). Therefore 0 ≤ (2g−2)+(1−n) degOX(1). This proves
the claim.
Hence (Chapter 14, [Mu2]), form ≥ 1, every Em(3) is generated by its global sections.
Moreover, we can choose n0 ≥ 3 (Theorem 5.17, [H]) such that E0(n0) is generated by
its global sections. Hence Assertion (3) follows by taking L = OX(n0) = K
3n0
X .
Moroever each Em ⊗ L has the same Hilbert polynomial with respect to OX(1) (as
each Em has the same rank and degree). Therefore the family {Em ⊗ L}m≥0 is a
bounded family. 
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Remark 3.2. Lemma 3.1 implies that, for any prime p and g > 1, there is a nonsingular
curve and a bounded family F of vector bundles on X, such that if mV denotes the
minimum integer m for which Fm∗V achieves the strong HN filtration then the set
{mV | V ∈ the bounded family F} is unbounded.
Proof of Theorem 1.1: For given p and g, we select a nonsingular curve X and a family
{Em}m≥0 of bundles and a line bundle L = K
3n0
X , for some n0 ≥ 3. as in Lemma 3.1.
Since Em is a vector bundle of rank two over a curve, the (globally generated) bundle
Em⊗L is generated by 3 global sections (Ex. 8.2, Chap II, [H]). Hence there is a short
exact sequence of OX -modules
0 −→Mm −→ OX ⊕OX ⊕OX −→ Em ⊗ L −→ 0.
Now Mm = det(Em ⊗ L)
∨ = (L⊗2)∨. Dualizing the above short exact sequence we get
(3.1) 0 −→ (Em ⊗ L)
∨ −→ OX ⊕OX ⊕OX
η
−→ L⊗2 −→ 0.
Let
R = ⊕n≥0Rn = ⊕n≥0H
0(X,L⊗2n) and Im = hm1R+ hm2R+ hm3R,
where the map η is given by (s1, s2, s3) 7→ hm1s1+hm2s2+hm3s3. Since L
⊗2 = K⊗6n0X ,
for some integer n0, the ring R is a normal Q-Gorenstein domain. Let m be the graded
maximal ideal of R. Note that hm1, hm2, hm3 ∈ R1 and deg X = e0(R,m) = degL
⊗2.
By Remark 2.3, we have
cIm(m) = 1− amin((Em ⊗ L)
∨)/deg(L⊗2).
Now the exact sequence 0 −→ Lm −→ F
m∗Em −→ L
−1
m −→ 0 gives
0 −→ Lm ⊗ F
m∗(L∨) −→ Fm∗((Em ⊗ L)
∨) −→ L−1m ⊗ F
m∗(L∨) −→ 0.
and also the strong HN filtration 0 ⊂ Lm⊗F
m∗(L∨) ⊂ Fm∗(Em⊗L)
∨ of Fm∗(Em⊗L)
∨.
Hence
amin(Em⊗L)
∨ =
µmin(F
m∗(Em ⊗ L)
∨)
pm
= − deg(L)−
deg(Lm)
pm
= − deg(L)−
(g − 1)
pm+m0
.
Therefore
cIm(m) = 1 +
1
2deg(L)
[
deg L+
g − 1
pm+m0
]
=
3
2
+
(g − 1)
dpm+m0
,
where d = e0(R,m) = degL
⊗2. This proves the theorem. 
Remark 3.3. We recall that when R is a regular local ring, then, apart from the
set of F -thresholds (of an ideal) being discrete and rational, there can be no strictly
decreasing sequence of F -thresholds of an ideal I (Remark 2.9, [MTW]). This is because
in the regular case there is a bijection between the set of F -thresholds of I and the the
set of test ideals of I, given by c 7→ τ(Ic) such that if c1 and c2 are two F -threhsolds
of I then c1 < c2 if and only of τ(I
c2) ⊂ τ(Ic1).
Hence the above example in Theorem 1.1 shows that any “order reversing” such
bijective correspondence between the set of F -thresholds and a set of ideals of some
kind, would not hold.
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4. F -thresholds reduction mod p
We follow notations and definitions as given in Section 2.
Proof of Theorem 1.3 : First we prove the following claim.
Claim. Let V be a vector bundle of rank r on a nonsingular curve of genus g over a
field of char p > 0. If p > max{4(g − 1)r3, r!} then
amin(V ) < µmin(V ) =⇒ µmin(V ) = amin(V ) + a/pb,
where a, b are positive integers and g.c.d.(a, p) = 1 and 0 < a/b ≤ 4(g − 1)(r − 1).
Proof of the claim: Let m be an integer such that Fm∗(V ) achieves the strong HN fil-
tration. Note that, by the hypothesism ≥ 1 and, by definition amin(V ) = µmin(F
m∗V )/pm.
By Lemma 1.14 of [T],
µmin(F
m∗V )/pm + C/p = µmin(V ), where 0 < C ≤ 4(g − 1)(r − 1).
This implies Cpm−1(r!) ∈ N and we can write
µmin(V ) = amin(V ) +
Cpm−1(r!)
pm(r!)
= amin(V ) +
a
pb
,
where a b are positive integers such that g.c.d.(a, p) = 1. This proves the claim.
By Remark 2.3, if cIp(mp) 6= c
I
∞(m) then c
Ip(mp) > c
I
∞(m). Moreover there exists
a vector bundle W on X = Proj S, where pi : R −→ S is the normalization of R and
X is a nonsingular projective curve of degree d such that, for p≫ 0,
cI∞(m) = 1− µmin(W )/d and c
Ip(mp) = 1− amin(Wp)/d),
where Wp denotes the bundle W reduction mod p, (similarly for I and m) and where
char Rp = p. The openess property of the semistable bundle ([Ma]) imply that for
p≫ 0, µmin(Wp) = µmin(W ). Therefore we can write
cIp(mp) = 1−
µmin(Wp)
d
+
a
pb
.
Since −µmin(Wp) = d1/r1, where d1, r1 ∈ Z+ such that r1 < µ(I), the theorem follows
for p≫ 0. 
Remark 4.1. We recall Example 6.9 from [TrW]. Let Rp = k[x, y, z]/(h), where h =
xd−1y + yd−1z + zd−1x and d ≥ 7 is an odd integer. Let char Rp = p where p ≥ d
2
such that p ≡ ±2 (mod (d2 − 3d + 3)). Then cm(m) = (3pd + d2 − 9d + 15)/2pd.
Therefore if cmp(mp) 6= c
m
∞(m) then though p divides the denominator of c
mp(mp), the
denominator need not be a power of p.
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